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The graph G is a covering of the graph H if there exists a (projection) map p 
from the vertex set of G to the vertex set of H which induces a one-to-one 
correspondence between the vertices adjacent to 1% in G and the vertices adjacent to 
p(t.1 in H. for every vertex I‘ of G. We show that for any two finite regular graphs 
G and H of the same degree. there exists a finite graph K that is simultaneously a 
covering both of G and H. The proof uses only Hall’s theorem on l-factors i:l 
regular bipartite graphs. 
1. INTRODUCT10~ 
By a graph we mean an undirected finite graph with at least one vertex 
and no loops or multiple edges. If G is a graph, V(G) denotes the vertices of 
G and E(G) denotes the edges of G. If G and H are graphs andp is a map of 
V(G) into V(H), then G is a covering of H via p if for every v E V(G), p 
induces a one-to-one correspondence between the vertices adjacent to c in G 
and the vertices adjacent to p(v) in H. We prove the following theorem: 
THEOREM 1. If G and H are connected regular graphs of the same 
degree. then there exists a connected graph K that is a covering of both G 
and H. 
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FIG. 1. K is a covering of G and H. 
As an example, in Fig. 1, K is a covering of G viap and of H via q, where 
each u E V(K) is labelled by (p(v), q(v)). 
The definition, and the associated question of characterizing those pairs of 
graphs that have a common covering, arose in a study of networks of 
processors communicating by pairwise exchange of messages. For a 
particular definition of computation by such a network, the networks 
associated with a graph and coverings of it are “indistinguishable” to the 
processors embedded in the network; so Theorem 1 implies that all networks 
corresponding to regular graphs of the same degree are “indistinguishable” in 
this sense. 
The resulting graph-theoretical notion is just that of a topological covering 
space, which has arisen independently in several other graph-theoretical 
contexts [ 1, 3-101. While covering-space theory allows one to construct 
common coverings of any pair of regular graphs of the same degree (in 
particular, the infinite regular tree of degree d is the universal covering space 
of any regular graph of degree d), there does not seem to be any obvious 
method of obtaining finite common coverings. Our construction is entirely 
elementary graph theoretical. 
2. THE CONSTRUCTION 
A set of edges F of a graph G is a l-fuctor of G if every vertex of G is 
incident to exactly one edge; G is l-factorable if E(G) can be partitioned into 
sets each of which is a l-factor of G. 
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We shall use the following corollary to Hall’s matching theorem 12, 
pp. 12, 731. 
THEOREM 2. Every regular bipartite graph has a l-factor, and conse- 
quent!)>, is l-factorable. 
We shall also use a standard construction for producing a particular 2- 
fold covering of a graph, the Kronecker double cover 15, lo]. If G is a graph. 
the Kronecker double cover of G is defined to be the graph G’ with vertices 
V(G’) = V(G) x (0, l} and edges E(G’) = (((v, i), (w,j)}: (u, w) E E(G) and 
i= 1 -j}. 
We note that G’ is by construction bipartite (the map (u, i) ++ i is a 2- 
coloring of the vertices of G’) and is covering of G via the projection 
(v, i) tt 11. 
LEMMA 1. If G is a covering of H via p and H is a covering of K via q, 
then G is a covering of K via q 0 p. 
This lemma follows directly from the definitions. 
LEMMA 2. If G and H are l-factorable regular graphs of the same 
degree, then there exists a graph K which is a covering of both G and H. 
ProoJ Suppose G and H are l-factorable regular graphs of degree d. Let 
E, , E, ,..., E, and F, , F, ,..., F, be partitions of the edges of G and H, respec- 
tively, into l-factors. Define K to have vertices V(K) = V(G) X V(H) and 
edges E(K) = ( ((v, w), (v’, MI’)} : for some i, 1 < i ,< d, (v, v’) E Ei and 
(w, PV’) E Fj]. Define p((v, w)) = v and q((v, w)) = u’ for all (v, M’) E V(K). 
Now consider any (21, w) E V(K). For each i, 1 < i < d. there is a unique 
~~~ E I’(G) and bvi E V(H) such that (v, Us) E E, and (w, u’~) E Fi. Thus the 
nodes adjacent to (v, w) in K are precisely (0,. w,), (vz, We),.... (L’~, I+%~), 
those adjacent to u in G are z’, , L+~,..., cd, and those adjacent to w in H are 
w, . WI ..,,, Wd. Thus K is a covering of G viap and a covering of H via 4. 1 
We note that K may not be connected while G and H are; consider the 
case of a square and a hexagon. However, any connected component of K 
will be a connected common covering of G and H. 
Proof of Theorem 1. Let G and H be connected regular graphs of the 
same degree. If G is bipartite, then it is l-factorable by Theorem 2. If G is 
not bipartite, we may construct the Kronecker double cover G’ of G, which 
is bipartite. In either case, there is l-factorable covering of G; similarly for 
H. By Lemmas 1 and 2 there is a graph K which is a covering of both G and 
H, and any connected component of K will be a connected common covering 
of G and H. 1 
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3. REMARKS 
For the general case, it is clear that for two graphs G and H to have a 
finite common covering, it is necessary that they have the same universal 
covering space (see [9] for a definition of this). We conjecture that this 
condition is in fact sufficient. We have succeeded in obtaining only partial 
results in this direction, however. 
Note added in proof. F. T. Leighton has proved this conjecture. The proof will appear in 
his paper “Finite Common Coverings of Graphs.” 
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